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1. INTRODUCTION 
In this paper we consider a degenerate elliptic equation 
(1.1) 
where r is a real parameter, x = (x, ,..., x,,) is a real vector, x’ is transpose of 
x. U is a real function. Equation ( 1.1) is elliptic inside and outside the unit 
sphere with a degenerate surface xx’ = 1. We have studied the Dirichlet 
problem of this equation in [7]. Existence and uniqueness for the Dirichlet 
problems of (1.1) have been proved for the cases: T > 2, z < - 2, 
- 2 < z < 2. Solutions were constructed for these Dirichlet problems. Using 
the results of [7], in this paper we consider several problems related to the 
Neumann condition and study existence and uniqueness of solutions for 
the cases r>2, z< -2, -2~2~2. 
Because of the degenerate surface and the differing behavior of (1.1) in 
the three regions of r: T > 2, T < -2, -2 < T < 2, there are some ways in 
which these problems differ from the usual elliptic boundary value 
problems. They are: 
(1) When the Neumann condition is given on the degenerate surface 
it differs from the usual Neumann condition. 
(2) In case t > 2, when the domain D contains the degenerate sur- 
face C in its interior, additional conditions must be given on C. So in this 
case the number of the boundary conditions is greater than in the usual 
elliptic case. 
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(3) In the case of r < -2 and an annular domain D which either 
contains C or is bounded by C, it turns out that the prescription of the 
solution on only one of the annular boundaries or on C if Cc D is suf- 
ficient to unisuely determine the solution. So in this case the number of the 
boundary conditions is less than the usual elliptic case. 
(4) In the case of - 2 < T < 2 sometimes resembles the case of r > 2 
and sometimes the case of T < -2. 
This paper will consider in turn each of the cases t > 2, r < - 2, and 
-2<2<2. 
2. THE SERIES SOLUTION OF EQUATON( 1.1) 
Let 
x=pu, uu’ = 1. (2.1) 
where p is polar radius, U’ is the transpose of the row vector U. So in polar 
coordinates in the space we have 
~=(cos%,,sin%,cos%~ ,..., sin%,...sin%,,- ,cos%,,~~ ,, 
sin %, sin %,...sin U,, ,). 
Then Eq. ( 1.1) in spherical coordinates becomes 
2 
pf$+ + [(n- l)+(T-?z+ l)p2,~+i:u=o, (2.2) / 
where 
a 
r=l ,~~I ‘ae,’ 
From [7] we know that the series solution of Eq. (2.2) is 
(2.3) 
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where the spherical continuous functions f, and g, satisfy the following con- 
dition: 
F, q-.l Pp2’-“(uu’)f,(u) ti + ... Iy2)--‘) (uu’)g,(u) ti < 03, I II i LW’ = I [,{,’ = , II 
(2.4) 
which is the condition for the convergence of the series (2.3) and where in 
this paper, 
is a constant, 
is the spherical element, 
is the Legendre polynomial, 
Q% B, Y, z) is the hypergeometric function, 
A,(p)=p2--‘-‘IF a, p, -;, 1 -p2 
( 1 
(f= 1, 2,...), 
(2.5) 
B,(p)=p2 ’ “I 1 -p2ll+(ll2)F y-a,y-l(,2+;, I -/I2 ) 
( j 
(I= 1, 2 )... ), 
(2.6) 
where 
a= 1 -I_q-;+J(l -I-(n/2)-(r/2))2-r(l+n-2) 
( ):’ 
2, 
p= l-/-;-;-,i/(l -I-(n/2)-(t/2))2-r(f+n-2) 
( >:’ 
2, 
,=2-,-If 
2’ 
and where in (2.3) the function a(p) satisfies the equation 
1 
2 
p20"(p)+p (n-l)+ 5 cJ'b)=O 
I 
(2.7) 
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with a(l)=0 and 
do _ &’ -P2P2 
dp- p (C constant) 
we easily obtain the following properties about a(p): 
(i) For r>2, a’(l)=O. 
(ii) .(~)EC(‘+(“~‘)(O<~<~,T> -2). 
(iii) lim,,, +0 (o(p)// 1 - p2 I ’ +(r’2)) = constant. 
Remark 1. Where in (2.9) C(‘+(r’2’1 has two meanings 
(2.8) 
(2.9) 
(1) If 1 + (r/2) is a nonnegative integer, it means the class of 
functions having derivatives up to order 1 + (r/2) in D which are con- 
tinuous in D + i3D. In particularly Co is the class of functions continuous in 
D+aD. 
(2) If 1 + (r/2) is a nonnegative real number, we denote the greatest 
integer less than 1 + (r/2) by [ 1 + (5/2)], then C(1+(r’2)) means the class of 
functions in Cc’ +(“‘)’ whose [ 1 + (r/2)] th-order derivatives satisfy a 
Holder condition in D + aD with exponent (1 + (r/2)) - [ 1 + (5/2)]. 
Remark 2. From (2.5) (2.6) we have the following properties of A, and 
B,: 
(i) lim,,,+,A,(p)= 1, lim,,,,, (B,(p)/1 1 -p21’+cT!2))= 1. 
(ii) On the degenerate surface (p = 1) the first derivatives of the 
functions A,(p), B,(p) vanish. 
(iii) A,(~)EC~ and B,(~)EC”+“‘~” in a neighborhood of p= 1. 
3. IN CASE T > 2 
There are live cases which are discussed: 
(1) Domain D is the unit ball (boundary is the degenerate surface). 
(2) D is an annular domain bounded by two concentric spheres dD, 
and C, C is the degenerate surface. 
The Dirichlet and Neumann problems are alternatively prescribed on 
lJD, and C, and the Neumann problem is prescribed on both c3D, and C. 
(3) The domain D is a simple connected region whose interior 
includes the degenerate surface. 
The Neumann condition is given on dD and the Dirichlet and Neumann 
conditions are alternatively investigated on C. 
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(4) The domain D is bounded by two concentric spheres 8D, and 
aD, while D contains in its interior the degenerate surface C. The 
Neumann and Dirichlet problems are separately prescribed on a varying 
combinations of aD,, aD,, and C. 
(5) On the domain defined in (4) we study both Neumann and 
Dirichlet conditions on aD, and aD, when certain contiguous conditions 
are satisfied on C. 
In this section we often use the following maximum principle for 
degenerate lliptic equations to prove uniqueness. It has been proved in 
[61. 
THEOREM A (Maximum principle for degenerate elliptic equations). Let 
D be a bounded domain. Let the equation 
(3.1) 
be elliptic in D except on some lower dimensional mamfolds which are con- 
tained in the interior of D or on its boundary aD and which are degenerate 
surfaces of Eq. (3.1). Then each solution of (3.1) attains its maximum (or 
minimum) either on aD or one qf these degenerate surfaces in the interior 
of D. 
3.1. D is the Unit Ball 
DEFINITION. The Neumann condition on the degenerate surface of (1.1) 
is 
lim LE=&u), ,l+l I -p ap uu’= 1, z#2, 
u(l, uo)=do (uO is a fixed point on the unit sphere, d, is constant), 
s s 
.” gi(u)ti=O. (3.2) 
w’ = , 
Remark 1. Condition (3.2) means that the second normal derivative 
a2U/ap2 is given as a boundary condition on the degenerate surface. 
Remark 2. In this paper we shall use functions d(u), $(o), i(v) to 
prescribe boundary values for the Neumann and Dirichlet problems. It is 
assumed that all such functions are spherical continuous functions. 
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THEOREM 3.1. Let D be the unit ball and Eq. (1.1) be git’en on D. Then 
the Neumann problem (3.2) has a unique solution in D given by 
WP, u) = + ,To 21n+r; 2 T,(p) 1. . cPjifl12)-‘)(,,:‘)f;(~) ti, (3.3) 
O,Z L’L.’ = I
where 
T,(p) = (f(1 -Co r(l - B)/r(l + (~/2)) r(l+ (n/2))) 
xp’F 1+5-1+1’I+~-l+P,I+~,p2 , 
i 
(3.4) 
f,(u) = +)t (3.6) 
/ 
T;‘(l)=l(l-l)+ 4 I+;-1+2 
(( I( 
l+;-l+k 
)I ) 
r 
x{(2i+ 1)+(2(i+;+++;+/?/(;- I))}. (3.7) 
Proqf: Existence. Suppose that the functions f, satisfy the convergence 
condition (2.4). It is clear that (3.3) satisfies Eq. (1.1). In addition it is 
obvious that (3.3) with (3.4), (3.5) (3.6) (3.7) satisfies the boundary con- 
dition (3,2). Then existence follows. 
Uniqueness. It is easy to get uniqueness from Theorem A. 
Remark 3. We can rewrite the solution (3.3) as 
where 
2 21+n-2 T,(p) 
N(pu, 0) = c 
/= I 
n _ 2 - Pj”‘+ “(UU’), 
f 
(3.8) 
(3.9) 
(3.10) 
Here an arbitrary constant do has to be determined. Knowing N (pu, u) we 
have the solution of Neumann problem in the unit ball. Clearly N(pu, u) is 
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analogous to the Poisson Kernel in Dirichlet problem. So we call N(pu, u) 
the Neumann Kernel. 
3.2. D is an Annular Domain Bounded by Two Concentric Spheres aD, 
and C, C is the Degenerate Surface 
From [7] we know that the domain of existence of the power series 
solution (2.3) is 
D,= {x=pu/O<p<&, uu’= l}. (3.11) 
In this section, we consider function U(p, U) in the annular domain 
D={x=pu/l~p~pl<~(orOip,~p~l),uu’=l} (3.12) 
There are three cases discussed: The Dirichlet and Neumann problems are 
alternatively prescribed on 8D, and C, and the Neumann problem is 
prescribed on both I’D, and C. 
3.2.1. The Dirichlet Problem is Prescribed on the Degenerate Surface C and 
Neumann Problem is Prescribed on aD, 
In this case Neumann condition is same as in the usual elliptic equation. 
THEOREM. The nondegenerate Neumann problem 
(1.1) in D, 
au 
ap p=p, =*(u) (PI >l), 
U(l, 0) =4(v) (vu’ = 1) 
has a unique solution given by 
IxI 21+n-2 
+c 
I= I 
n-2 B,(P) 
(3.13) 
X . . . s 5 Pj(n,*)- ,‘(uv,) ND - AXPI) d(u) . B;(P,) ’ (3.14) ,i,>’ = I
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ProoJ: Substituting (3.14) into (3.13) we see that existence is obvious. 
The uniqueness proof is easy to get from Theorem A. 
Remark. The reason why a’(pr ) and B;(p I ) in the denominators of 
Eq. (3.14) are not zero is to be found in the auxiliary theorem in [S]. This 
also holds for similar denominators that appear below. 
3.2.2. The Dirichlet Problem is Prescribed on 8D, and Neumann Problems is 
Prescribed on the Degenerate Surface C 
In this case Neumann condition is as in definition (3.2), it differs from 
the usual Neumann condition. 
THEOREM. Let D be given by (3.12). Then Eq. (1 .I ) in D with the 
Neumann condition (3.2) and U(p, , u) = $(u) has a unique solution given bJ 
(2.3), where 
(3.15) 
f/w=* 
/ 
(I= 1, 2 ,...) , 
g,(v) = It/(o) - Ah,)h(u) 
B,(P,) 
(I= 1, 2 ,..., ). 
Proof: First, we substitute (3.15) into (2.3), then (2.3) into the above 
problem, thus existence is true. We only have to prove uniqueness. We then 
have to prove that for #= $ =d, =0 the only solution is the trivial 
solution. Otherwise there exists a nonconstant solution satisfying 
d = $ = d, = 0, and its nonzero maximum (or nonzero minimum) can only 
occur on the degenerate surface. Using the reasoning in the uniqueness 
proof of theorem 3.1. We know that U( 1, u) is constant and since d,, = 0, 
U( 1, u) = 0. Then using the maximum principle of degenerate elliptic 
equation we see that only solution to 4 = $ = d, = 0 is the trivial solution. 
3.2.3. The Neumann Problem is Prescribed on Both i3D, and C 
THEOREM. Let D be given by (3.12). Then Eq. (1.1) in D with the 
Neumann condition (3.2) and (aU/ap)I ~j =p, = $(u) has a unique solution in D 
given by (2.3), where 
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(3.16) 
f/(u) =yg& 
I 
g(u) = $(u) - AXP,)f/(U) 
WP,) 
Proof: Existence is obvious. To prove uniqueness we again have to 
prove that for homogeneous boundary condtitions only the trivial solution 
exists. In fact from #(II) =d,=O using the reasoning in the uniqueness 
proof of Theorem 3.1 we obtain U( 1, U) = 0. Then using the same method 
as in the uniqueness proof of Theorem 3.2.1 we obtain uniqueness. 
In Sections 3.1 and 3.2 the number of boundary value conditions is same 
as in the usual boundary value problem. 
3.3. The Domain D is a Simply Connected Region 
Containing a Degenerate Surface C 
In this section we consider the function CI(p, U) in domain 
D= {x=pu/O<p<p,, 1 <p, <&, UU’= I} (3.17) 
whose interior contains the degenerate surface. 
Of special significance in this section is that for uniqueness in addition to 
the Neumann condition on the boundary we must give a condition on the 
interior degenerate surface. 
3.3.1. The Neumann Condition is Given on dD and the Dirichlet Condition is 
Inuestigated on C 
THEOREM. On the domain D given by (3.17) the Neumann problem 
(3.18) 
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with the additional condition V( 1, v) = d(u) has a unique solution 
J = 1\ 
+c 
cc *l;-;* B,(p) J.. .JPj’“/2’- lJ(u”‘) “‘“‘-B;;y+‘i) 
/= I 0,” = , 
for P> 1, (3.19a) 
1 f *1~~~*~,(p)j...~p11”“‘~“(uc.))jc)6 
or,-- I ,=() ,.L.’ =, 
‘\ for p<l, (3.19b) 
where 
f(1 -M) r(l -/I) 
TAP) = I-( 1 + (r/2)) r(l+ (n/2)) 
p’F l+~-1+1,1+~-1+8,1+~,p2 
i 
Proof Uniqueness. Using the same reasoning as in the uniqueness 
proof of Theorem 3.2.1 from $ = C$ = 0 we obtain U(p, , u) = U( 1, u) = 0. 
Then using maximum principle of degenerate lliptic equation, we obtain 
uniqueness. 
Existence. Substituting (3.19) into above problem in the domain 
l<PbP,, we see that (3.19a) satisfies above problem in the domain 
1 <p <p,. Substituting (3.19b) into above problem in the domain 
0 < p < 1, we see that (3.19b) satisfies above problem in the domain 
0 d p < 1. So to prove existence we have only to prove that the function 
U(p, u) has a second continuous derivative on the degenerate surface join- 
ing (3.19a) and (3.19b). In fact from (2.9) and Section 2, Remark 2 we 
know that for r > 2 we have 
d24p 1 d2B,(p) 
dp2 =dp2 
= 0. 
p = I p=l 
(3.20) 
Thus we see that U(p, u) is twice continuously differentiable on the unit 
sphere. 
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3.3.2. The Neumann Conditions Are Given Both on aD and C 
COROLLARY. The Neumann problem (3.18) with the additional condition 
lim Ldu, qqv), 
p-1 l-p dp Wl, d=d,, 
(where 4(v), z+,, do satisfy the same conditions as in (3.2)) on the 
degenerate surface has a unique solution given by 
! 
for p> 1, (3.2 
L f. “nfr; 2 T,(p) f . . IPj(‘+ “(uv’)f,(v) ti 
we 1 ,=I) tw = 1 
for p< 1 (3.2 
with (3.4), (3.5), (3.6), (3.7). 
la) 
lb) 
The proof of Corollary 3.3.2 follows from the proof of Theorem 3.3.1. 
3.4. D an Annular Domain whose Interior 
Contains a Degenerate Surface 
In this section we consider the domain 
D= {x=pu/O<p, dpdp,<&,uu’=l} (3.22) 
whose interior contains the degenerate surface p = 1. We will denote the 
inner boundary of D by 13D,(p =p, < 1) the outer boundary by aD, 
(p = p2 > 1) and the degenerate surface p = 1 by C. 
We consider four boundary value problems related to the Neumann con- 
dition. For all of these four problems one must give additional condition 
on the degenerate surface for uniqueness of solution. 
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3.4.1. Neumann Problem with an Additional Neumann Condition on C 
THEOREM. Let D be giuen by (3.22) and Eq. (1.1) be given on D then the 
Neumann problem 
au 
ap p=p, = Icl(v) 
on aD,, 
au - 
ap IJ=p2 = i(v) 
on dD, (3.24) 
and (3.2) on C has an unique solution given by (2.3), where 
for p < 1, 
,.o=j-.j..,=I Ic/(v)C 
a’(p,) ’ 
g,(v) = Icl(u) - AKP,)f/(V) 
BXP,) ’ 
(3.26) 
f’or p> 1, 
co= ... 
I J i(v) W(P,), L.L.’ = , (3.27) 
g,(v) = {i(v)- A;(P~)~,(~))/%(P,). 
Proof The uniqueness follows from the proof of Theorem 3.2.3. To 
prove the existence of the above problem, we only have to prove that the 
solution given by (2.3), (3.25), (3.26), (3.27) is a twice-continuously dif- 
ferentiable function. Since 
a(P) 
;y / * _ p2, I + (r/2) = constant, 
lim B,(P) p-, ,1mp2/‘+‘!2=1 
(3.28) 
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and r > 2 we easily obtain the twice-continuous differentiability of the 
solution, so the proof of the theorem is finished. 
3.4.2. Mixed Neumann-Dirichlet Problem with an Additional Neumann Con- 
dition on C 
COROLLARY. Let D be given by (3.22) and Eq. (1.1) be given on D. The 
mixed Neumann-Dirichlet problem with (3.23) on aD,, (3.2) on C and 
w*> u) = i(u) on k?D, (3.29) 
has a unique solution given by (2.3) where 
1 
- ... fo(u)rj=d,- 
on-1 I i vu’ = I 
& ,!, 21;“,2 j- . . j Pj(,Q- ‘)(U,U’)~fl(U) fi, 
11.‘= I 
for p < 1, 
co= ... s I $(u)W(p,), Lx?‘= I 
g/(u) = II+(u) - A;(P, )f,(u)llW, 1, 
for p > 1, 
g,(u) = t-t(u) -A,(~z)f,(u)l/~,h). 
ProoJ: Taking note of (3.28), the existence of the solution is obvious. 
Uniqueness follows from uniqueness proofs of theorem 3.2.2. and 
theorem 3.2.3. 
3.4.3. Neumann Problem on Boundary of D with an Additional Dirichlet 
Condition on C 
COROLLARY. Let D be given by (3.22) and Eq. (1.1) given on D, the 
mixed Neumann-Dirichlet problem with (3.23) on aD,, (3.24) on aD, and 
WI, 0) = d(u) on C (3.30) 
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has a unique solution given by 
VP, u) = -J- f 21nfn12A,(p)j...jPj’““)~l’(uc.)O(v)6 
OH- 1 ,=lJ 
vu’ = 1 
1 
+- 
i { 
Co n-l s s 
“. $(v)tijqg-$+ f 21;:;2B,(p) 
u,.’ = , /= I 
1 <x .” 
I I 
pj,n,2) ,)(uDI) Il/(V)-AXP1) d(u) ti for p< 1. 
Lx’= I I BXP,) ’ 
1 m 21+n-2 
+- . . . 
0 I,-- I ij j 
[(v)tir 
it,P:)+ c n-2 B!(P) 
1.“’ = I /=I 
X . . s i‘ pj(,l,2) .~ ,‘(uv,) i( ) - AXP2) d(vti I BXP2) ’ for p> 1. (3.31) L.L.’ = , 
ProoJ Taking note of (3.28), the existence of the solution is obvious. 
Uniqueness follows from the uniqueness proof of theorem 3.2.1. 
3.4.4. Mixed Dirichlet-Neumann Problems on Boundary of D with an 
Additional Dirichlet Condition on C 
COROLLARY. Let D be given by (3.22) and Eq. (1.1) given on D. The 
mixed Dirichlet-Neumann problem with (3.23) on aD,, (3.29) on aD,, and 
(3.30) on C, has a unique solution given by 
VP, u) = --!- f “,:“, 2 A,(p) j. . jPjrfl12)- l’(uvf) d(v) ti 
WC I I=() L.L.‘=, 
i 
1 
+ - 
a" I 
pjt,1,2j. ,)(uv,) @(~)-A;(PI)#(v) . 
NP,) lJ ) 1 
for p<l. 
,.1_’ = , 
1 
+- 
w n-l 
(;-&i-$$+ z 21;r;2B,(p) 
I= I 
X . . . 
s s 
Pj,n,2)-,)(Uv,) IC/(V)kAXPl) d(u) ti for p > 1. (3.32) 
I%’ = I 1 BI(P~) ’ 
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Proof Taking note of (3.28) existence is obvious. Uniqueness follows 
from uniqueness proof of Theorem 3.2.1 and the maximum principle of 
degenerate lliptic equation. 
3.5. On the Domain Defined in Section 3.4. 
a Contiguous Condition is Given on L 
In this section a new condition which we call the contiguous condition is 
used. It is given only on the degenerate surface C. 
DEFINITION. The condition 
lim 
( 
1 U(p, u)-- .” 
i i 
Q(pu,v)U(l,v)ti ll-p*1i+(*‘*) 
p+l-0 0 n- I )I 
w’ = 1 
1 
= lim 
( 
ZJ(p, u) -- . . . 
p-1+0 0 n-l s s 
Q(pu, v) U(1, v) ti 
il’ 
11 -p2I’+(T’*’ 
U”’ = I 
(3.33) 
on C is called the contiguous condition, where 
Q(pu, 0) = f ,*;, 1' A,(p) Pj(Q- “(UV’). 
I=0 
3.5.1. Neumann Problem with an Additional Contiguous Condition on C 
THEOREM. Let D be given by (3.22) and (1.1) be given on D. Then the 
Neumann problem (3.23) on aD,, (3.24) on aD,, and (3.33) on C with 
U(1, u,)=d, and 
J~~~~~(v)i:lo’(PI)=j.~.~r(tl)B/~’(P2) 
00’ = 1 ““’ = 1 
has a unique solution given by 
VP, u)=do- 
rcl(v) K(P*) - 5(v) WP,) . 
XA;(~~)~;(~,)-A;(~,)~;(~,)” 
+- ’ -f 21n+~~2A,(p)~...~p~‘“/*)-“(uv’) 
mm-21-1 
0”’ = 1 
$(u) WP2) - 5(u) &(Pl) . 
XA;(~,)B:(~2)--A;(~2)B;(~,)U 
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1 
+- 
w,, I ij j 
... $(u)i-$-$ 
LW = I 
+c Cc 21n+"22B,(p)j...j~~~".2'~l~(~v~) 
I= 1 Z'L.' = , 
i(u)A;(P,)-IC/(u)A;(p,) . 
XA’(p,)B’(p2)-A’(p2)B’(p,)U > 
(3.34) 
ProoJ Substituting (3.34) into the above Neumann problem existence 
is obvious. To prove uniqueness we only have to prove that U(p, U) satisfy- 
ing the homogeneous problem is identically zero in D. In fact, substituting 
IJ = 0 and [ = 0 into (3.31) and computing with condition (3.33) we obtain 
also that 4 =O. Then the mixed Neumann-Dirichlet problem in 
Corollary 3.4.3 only has a trivial solution. 
We immediately obtain uniqueness. 
3.5.2. Mixed Neumann-Dirichlet Problem with an Additional Contiguous 
Condition on C 
COROLLARY. Let D be given by (3.22) and Eq. (1.1) given on D. Then the 
Neumann-Dirichlet problem with (3.23) on aD,, (3.29) on i3D,, and the con- 
tiguous condition (3.33) on C with U(l,u,)=d, and J...jIJV,=, 
$(v) ti/o’(p,) =~...~uv,=, c(v) ti/a’(p,) has a unique solution given by 
1 
U(p, u) =- . . . 
W “-I [j j L’L” = , 
+c 
m 2in+;;2A,(y)j.. .jp;‘“/“b”(uu’) 
/= 1 L.L” = 1 
Ii/(v) B/b,) - i(v) WI 1 ’ A;(P, 1 B,(P,) - A,(P,) WP, 1’ 
+ ... s s Icl(u) W’(P, 1 ,‘c’ = , 
+c m 2[n+_n22B,(p)j...SPI’““‘~l)(uu’) 
I= I 
vu = I 
i(v) AXPI) - $(u) 4b2) . 
x4h) BI(P~)-A,(P~) B;(P,)’ ’ 1 (3.35) 
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Proof: Substituting (3.35) into the above problem existence is obvious. 
To prove uniqueness we only have to prove that U(p, U) satisfying the 
homogeneous problem is identically zero in D. In fact substituting $ = 0 
and [=O into (3.32) and computing with condition (3.33) we obtain that 
also 4 = 0. Then the mixed Dirichlet-Neumann problem in Corollary 3.4.4 
only has a trivial solution. We immediately obtain uniqueness. 
From the results in Section 3 (i.e., in case z > 2), we see that because of 
the degenerate surface there are three ways in which these problems differ 
from the usual elliptic boundary value problems. They are 
(1) In the case where C is contained in the interior of D additional 
conditions must be given on C, otherwise there is no uniqueness. 
(2) When the Neumann condition is given on the degenerate surface 
it differs from the usual Neumann condition. 
(3) In the case where C is contained in the interior of D in addition 
to the usual boundary conditions certain contiguous condition must be 
given on C. 
4. INCASET<-- 
In this section we need the following uniqueness theorem which has been 
proved in [7]. 
THEOREM B (Uniqueness theorem). Let D be a bounded domain and let 
the equation 
,$, &,(a,(x)F)=O 
, I 
(4.1) 
be elliptic in D except on some lower dimensional manifolds C-k aD, of 
measure zero, C c D, aD, c aD, aD = aD, + aD, the boundary of D. These 
manifolds C + aD, are called degenerate surfaces of equation (4.1) i.e., 
a&x) = 0 on C + aD, Suppose that: 
(i) a&x) are bounded continuous function on D and aij(x)lTD, = 0, 
(ii) (aU/ax,) are bounded on aD, 
(iii) UlaDz = 0. 
Then 
U(x) = 0 on D. 
Theorem B means that we only have to give the boundary value on the 
nondegenerate part, aD, of the boundary for the uniqueness of solution of 
Dirichlet problem of Eq. (4.1). 
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and for xx’ > 1 
So in case r < - 2, Eq. (1.1) is a special case of Eq. (4.1), where 
ff,j(X) = ( 1 - xx’/ r’2 d,,. 
4.1. D is cm Annular Domain Bounded by Two Concentric Spheres aD, 
and C, C is the Degenerale Swfkce 
In this section, we consider the function U(p, U) in the annular domain 
D=i-W=pU/l~p~p,<~(orO<p2~p~1),uu’=1;. (4.2) 
We will denote the nondegenerate part of the boundary of D by 
l?D, (p = p2) the degenerate part of the boundary of D by C (p = 1). 
4.1.1. The Neumann Problem is Prescribed on C 
THEOREM. Let D be given by (4.2) and ( 1.1) be given on D. The 
degenerate Neumann problem 
lim - 1 $/(u), 
p-1 1 -p dp 
uu’= 1, 
Ul, uo)=do, (uO is a fixed point on the unit sphere, 
d, is a constant), (4.3 1 
s s 
... f$(v)ti=O, 
L’r’ = , 
444 JI AND CHEN 
has a unique solution given by 
where 
A,(p)=p’-‘--“F LY,p, -;, 1 -p2 , 
( ) 
A;‘(1)=(2-I-n) l+n-3+ 
( 
4(a+ l)(P+ 1) 
> 2-r . 
Proof(Existence). Substituting (4.4) into the above problem we see 
that existence is obvious. We only have to prove uniqueness. 
Uniqueness. To prove uniqueness we only have to prove that U(p, u) 
satisfying the homogeneous problem is identically zero in D. In fact sub- 
stituting 4 = 0, d,, = 0 into (4.5) of Theorem 10 in [7], we obtainf= 0. This 
means that the boundary value problem of Theorem 10 in [7] is the 
homogeneous problem and therefore only the trivial solution exists. This 
then yields the uniqueness of our degenerate Neumann problem. 
4.1.2. The Neumann Problem Prescribed on Nondegenerate Boundary 8D I 
THEOREM. Let D be given by (4.2) and (1.1) be given on D. Then the non- 
degenerate Neumann problem, 
au - 
JP p=p, = 44uL 
uu’ = 1, (4.5) 
VP,, u,)=d, (u, is a fixed point on the sphere p = p, and d, is a con- 
stant), has a unique solution given by 
VP, u) = d, - ~,~,21:~;2~j-..~pl(~i2)~~)(u,v~)~(v)~ 
1’1.’ = , 
+ (4.6) 
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Proof (Existence). Substituting (4.6) into the problem (4.5) we see that 
existence is obvious. We only have to prove uniqueness. 
Uniqueness. Using the analogous reasoning in the uniqueness proof of 
Theorem 4.1.1 uniqueness follows. 
4.2. The Domain D Bounded by Two Concentric Spheres aD, and aD, 
while D Contains in its Interior the Degenerate Surface C 
In this section, we consider function U(p, u) in the annular domain: 
D={x=pu/O<p,<p<p,<&u’=l} (4.7) 
whose interior contains the degenerate surface p = 1. We will denote the 
inner boundary of D by 8D, (p = p, < 1) the outer boundary by 8D2 
(P=Pz> 1). 
4.2.1. The Neumann Problem prescribed on Only One of the Spheres aD, or 
a& 
COROLLARY. Let D be given by (4.7) and (1.1) be given on D. Then the 
Neumann problem (4.5) prescribed on only dD, (or only dDz) has an unique 
solution given by (4.6). 
The difference between Theorem 4.1.2 and Corollary 4.2.1 is in the 
domain D. In Theorem 4.1.2 the boundary value is only given on aD,. We 
cannot give the boundary value on the other part of aD, i.e., on C. In 
Corollary 4.2.1 the boundary is composed of two parts aD, and aD, and 
we prescribe the boundary value on only one of these parts. This differs 
from the usual boundary value problem where boundary values are 
prescribed on both aD, and aD,. In addition this differs from the case r > 2 
since we cannot prescribe values on the degenerate surface C. 
The proof of Corollary 4.2.1 follows from Theorems 4.1.2 and 8. 
4.2.2. The Neumann Problem Prescribed on the Degenerate Surface C 
COROLLARY. Let D be given by (4.7) and Eq. ( 1.1) be given on D. Then 
the Neumann problem (4.3) has a unique solution given by (4.4). 
The difference between Theorem 4.1.1 and Corollary 4.2.2 is in the 
domain. Theorem 4.1.1 means that if we give the boundary value on the 
degenerate boundary then we cannot give the boundary value on another 
part of the boundary. Corollary 4.2.2 means that if we give the value of the 
function on the degenerate surface contained in the interior of domain D, 
then we cannot give the boundary values on either aD, or dD,. 
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The proof of Corollary 4.2.2 follows from Theorems 4.1.1 and B. 
So we see that because of the degenerate surface and z < -2 there are 
two ways in which these considered problems differ from the usual elliptic 
boundary value problem. They are 
(1) When the Neumann condition is given on the degenerate surface 
it differs from the usual Neumann condition. 
(2) In case r < -2 the number of the boundary conditions is less 
than the usual elliptic boundary value problems. 
5. IN CASE -2<2<2 
For uniqueness we need the extension of Theorem B which also has been 
proved in [7]. 
THEOREM B’. Let domain D he given by 
D= {x=pujO<p,<p< 1, UU’= 1) 
and Eq. ( 1.1) be given on D. Zf we suppose that 
( 1) in case t < 0, aU/ap is bounded on boundary aD, (5.1) 
(2) in case 0 < z < 2, C;=, a’LJ/axf is bounded on dD = C + aD,, 
(5.2 
then if 
U(P,, u)=0, 
we must have 
5.1. The Case Where One of the Conditions (5.1) or (5.2) Holds 
THEOREM. Let domain D be given by (4.2) or (4.7) and Eq. (1.1) be given 
on D, if one qf the conditions: 
(1) for - 2 < T < 0, aU/ap is bounded on the boundary of D; (5.3) 
(2) for 0 <z < 2, x7=, a2U/axf is bounded on the boundary of D; 
(5.4) 
is valid, then Theorems 4.1 .l and 4.1.2, Corollaries 4.2.1 and 4.2.2 are all true. 
Because of Theorem B’ the proof of Theorem 5.1 is obvious. 
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5.2. The Case of Unbounded Derivatives on the Boundary 
THEOREM 5.2.1. Let the domain D be the unit ball and Eq. (1.1) be given 
on D. If either 
(1) - 2 < z < 0 and aU/ap is unbounded on aD or (5.5) 
(2) 0 < T < 2 and C;=, a2Ujaxf is unbounded on aD (5.6) 
then the Neumann problem (3.2) has a unique solution in D given by (3.3) 
with (3.4), (3.5), (3.6), (3.7). 
Because of Theorem A the proof of Theorem 5.2.1 is obvious. 
The difference between the solutions in Theorem 3.1 and in 
Theorem 5.2.1 is that the former is a twice-continuously differentiable 
function and the latter 
(1) is a continuous function on the boundary for -2 < T < 0, 
(2) only has first derivative on the boundary for 0 <T < 2. 
THEOREM 5.2.2. Let the domain D be given by (3.17) and Eq. (1.1) be 
given on D. If conditions (5.5) and (5.6) hold, then 
( 1) Problem (3.18) has a unique solution given by (3.19), 
(2) Eq. (1.1) in D with the Neumann condition (3.2) and 
U(p,, u) = $(u) has a unique solution given by (2.3) with (3.20), 
(3) Eq. (1.1) in D with the Neumann condition (3.2) and 
(3U/apI,,=, =$(u) has a unique solution in D given by (2.3) with (3.21). 
Because of Theorem A the proof of Theorem 5.2.2 is obvious. 
The difference between the solutions in Theorem 5.2.2 and those 
described in the three theorems, 3.2.1, 3.2.2, and 3.2.3, is that the solutions 
in Theorems 3.2.1, 3.2.2, and 3.2.3 are twice-continuously differentiable and 
those in Theorem 5.2.2 
(1) for - 2 < T < 0 are continuous function on the degenerate boun- 
dary C, 
(2) for 0 <z < 2 only have first derivative on the degenerate boun- 
dary C. 
So we see that in case -2 <z < 2, when condition (5.5) or (5.6) holds 
the boundary value problems of Eq. (1.1) resemble those of the case 5 > 2 
(i.e., when the degenerate surface C is contained in the interior of the 
domain, the number of the boundary conditions is greater than in the usual 
elliptic cases); on the other hand when condition (5.3) or (5.4) holds the 
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boundary value problems of Eq. (1.1) resemble those of the case t < - 2 
(i.e., the number of the boundary conditions is less than in the usual elliptic 
case). 
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